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ABSTRACT 

For several crucial microseconds of its early history, the Universe consisted of a Quark- 
Gluon Plasma. As it cooled during this era, it traced out a trajectory in the quark matter 
phase diagram. The form taken by this trajectory is not known with certainty, but is of 
great importance: it determines, for example, whether the cosmic plasma passed through 
a first-order phase change during the transition to the hadron era, as has recently been 
suggested by advocates of the “Little Inflation” model. Just before this transition, the 
plasma was strongly coupled and therefore can be studied by holographic techniques. 
We show that holography imposes a strong constraint (taking the form of a bound on the 
baryonic chemical potential relative to the temperature) on the domain through which the 
cosmic plasma could pass as it cooled, with important consequences for Little Inflation. 
In fact, we find that holography applied to Little Inflation implies that the cosmic plasma 
must have passed quite close to the quark matter critical point, and might therefore have 
been affected by the associated fluctuation phenomena. 



1. Holography and Hadronization in the Early Universe 


The description of a Quark-Gluon Plasma (QGP) is based on the quark matter phase 
diagram EDM, which specifies the state of the plasma in terms of the temperature T and 
the baryonic chemical potential /ig. The plasma can take a very wide variety of different 
forms, ranging from the high-T, low-/xg plasma explored by the ALICE experiment at 
the LHC (see [3] for a recent overview with many references), to the less well-understood 
relatively low-T, high -/ig environment being explored in the beam scan experiments at 
the RHIC (3E1E1, or to be explored at such facilities as SHINE, NICA and FAIR, and 
the second beam scan at the RHIC isi ei ngim. 

The QGP is the dominant form of matter during an important phase of the evolution 
of the early Universe, the plasma era which is thought to follow Inflationary reheating. It 
was long believed that, during this era, the only relevant region of the quark matter phase 
diagram is the low-//# region: this is understandable in view of the generally accepted 
value (■ t)b ~ 1CU 9 ) of the net baryon density/entropy density ratio (which is related 
to Hb/T) at this point in cosmic history. Recently, however, a remarkable alternative 
possibility has been pointed out by Boeckel et al. [ID CCS EE!]: it has been suggested that 
Hb might in fact have been very large (with Hb/T ranging from unity up to ~ 100) during 
the plasma era. This is compatible with the observed baryon asymmetry, since that is 
generated during a short interval of “Little Inflation ” associated with the decay of a false 
QCD vacuum at the end of the plasma era. 

In the conventional picture, the cosmic plasma hadronizes by passing through a smooth 
crossover, as is now thought to describe the QGP at low values of hb■ In the Little In¬ 
flation model, however, hadronization occurs beyond the much-discussed quark matter 
critical point (TSj (believed to be located at roughly T ~ 150 MeV, fis ~ 150 — 300 MeV), 
and therefore involves a first-order phase transition. This has many exciting consequences 
for the theory of primordial density fluctuations, cosmic magnetogenesis, primordial grav¬ 
itational waves, and much else (for example, the very interesting ideas of Kalaydzhyan 
and Shuryak [16J regarding the acoustics of cosmic phase transitions seem to find their 
most natural context in Little Inflation). In addition, the possibility of large values of 
l_i B during the plasma era has begun to play a role in investigations of the cosmic plasma 
equation of state ra- The two alternative trajectories of the cosmic plasma in the quark 
matter phase diagram are shown, somewhat schematically, in Figure 1. 

From the directly experimental point of view, such values of in the cosmic plasma 
could mean that the high-/i B facilities currently under construction will be the ones that 
will directly probe (certain aspects of) conditions in the early Universe, back to the first 
few microseconds; though this will only be true if the lower end of the Hb/T cs 1 — 100 
estimated range is actually realised, since those facilities are unlikely to reach very far 
beyond the critical point. 

This region of the quark matter phase diagram is difficult to investigate theoretically. 
One approach [18] uses the well-known “holographic” gauge-gravity duality, for the specific 
application to heavy-ion collisions see This method attempts to throw 

light on QCD-like thermal field theories by studying the dual, asymptotically anti-de 
Sitter, black hole. Here the effects of large chemical potentials (and of the strong magnetic 
fields arising generically in these collisions [23] [25] [26], which can strongly affect the QGP 
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Figure 1: Possible Trajectories of the cosmic plasma in the Quark Matter Phase Diagram 
(after Boeckel and Schaffner-Bielich [J3j) 

m can be examined by endowing the black hole with electric and magnetic charges. It 
is natural to ask whether this technique can be adapted to the cosmic case (where very 
large magnetic fields are also to be expected [28, 59]). 

It is of course clear that both heavy ion collisions and the early Universe are very 
rapidly evolving systems, whereas the black hole is static. One can take the point of view 
that the holographic picture takes a “snapshot” of the system at a fixed time, but in the 
heavy-ion case it is also possible, though difficult [[3D], to extend the theory so as to take 
the dynamics into account. 

One can also do this in the cosmic case, though in a completely different manner that 
exploits the large symmetry group of FRW spacetimes [3Tj . 

Consider a FRW spacetime with flat spatial sections (the only kind we shall consider 
here); we can construct it in the following manner. Let i/j, £, £ be dimensionless coor¬ 
dinates on a flat three-dimensional space, and consider the corresponding flat spacetime 
with metric — df 2 + L 2 [d^ 2 + d£ 2 + d£ 2 ], where L is some parameter with dimensions 
of length. Let a(t) be any smooth function of t, and define r by dr = a(t)dt. Then 
a conformal transformation of the flat spacetime, with conformal factor a(t) 2 , produces 
the FRW metric —dr 2 + a(t) 2 L 2 [d ijj 2 + d£ 2 + d£ 2 ] (where now t and aft) are to be 
interpreted as certain functions of r). Notice that the full spacetime, unlike its spatial 
sections, is not in general flat; but it is conformally flat. 

Let us arbitrarily fix a two-dimensional flat surface S in a three-dimensional spatial 
slice of the FRW spacetime. We can orient our coordinates so that £ is perpendicular to S, 
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and so that ij), ( are coordinates in it. Then S can be regarded as any of the surfaces £ = 
constant, and, by adjoining the time coordinate, one can define a three-dimensional sub¬ 
spacetime (signature 1 + 2) embedded in the four-dimensional FRW spacetime, with 
spacetime metric—dr 2 + a{t) 2 L 2 [df> 2 + d£ 2 ]. This three-dimensional sub-spacetime is 
clearly still conformally flat, with transformed metric^ — dt 2 + L 2 [dfi 2 + d£ 2 ] . 

Our strategy now is as follows. In most spacetimes, one would not expect to obtain a 
satisfactory description by restricting attention to three-dimensional sub-spacetimes like 
those we have been discussing. But FRW spacetimes are very special, by construction, 
they are homogeneous and isotropic at each point. It follows that, for FRW spacetimes, 
the physics of any given three-dimensional sub-spacetime like S t dictates the physics of the 
full four-dimensional spacetime. This point of view is actually the most natural one when 
we are studying cosmic magnetic fields, because the latter are always associated with a flux 
through some (compact domain in a) two-dimensional surface, and indeed homogeneity 
and isotropy ensure that the held is fully specified if we know this flux through one such 
surface. More generally, if we have a FRW spacetime containing a plasma of temperature 
T and baryonic chemical potential fi B , and a magnetic held of strength B, we claim that 
we can understand the relations between these quantities if we can understand them when 
they are restricted to S 1 . In a sense, the extremely large group of symmetries of the FRW 
spacetime allows us to regard it as being “effectively three-dimensional”. 

The idea now is to regard S l (which is not hat, but which is conformally hat) as the 
(three-dimensional) conformal boundary of a four-dimensional asymptotically AdS bulk 
spacetime, and then to use the bulk physics to constrain the bulk quantities corresponding 
to T, pB) and B. Holography then translates these constraints back to S l , and then they 
can be extended to the full four-dimensional FRW spacetime. The process might be 
symbolized as “4 ->• 3 -+ 4”. 

The reader may object that the bulk spacetime is static, so the bulk quantities corre¬ 
sponding to T, n b , and B do not evolve: how then can holography constrain these param¬ 
eters? Consider again the magnetic hux through some domain in a two-dimensional plane 
S in a spatial section of the FRW spacetime. This flux has a remarkable property: it is 
conformally invariant with respect to the transformations we discussed above. For, at 
least in conventional cosmology — see below — the magnetic held dilutes with the cosmic 
expansion at precisely the inverse of the rate at which the area of the two-dimensional 
surface is stretched (that is, B oc a(t) -2 ). The hux does not evolve: it does not “know” 
whether it is being evaluated on S l with the metric —dr 2 + a{t) 2 L 2 [d if 2 + d£ 2 ] or with 
the conformally transformed metric —dt 2 + L 2 [dfj 2 + d£ 2 ] . 

Now in fact this comment applies to several other interesting quantities: we will see 
that combinations like B/T 2 and p B /T are likewise invariant with respect to the conformal 
transformation with conformal factor a{t) 2 — in other words, they are constant as the 
cosmic plasma evolves. For example, T cx a(t) _1 , but similarly p B oc a(f) -1 . If we 
can use holography to constrain these ratios , then the conformal transformation that, as 
above, restores the time dependence, will have no effect on such constraints. Thus, finally, 
we obtain constraints on the time-dependent plasma in the full four-dimensional FRW 
spacetime. 

This multi-step approach to cosmic holography is very limited: it only works for 

1 See the discussion immediately after equation (111) below. 
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(spatially flat) FRW spacetimes, and it only allows us to study a small range of physically 
interesting ratios, those which are conformally invariant in the cosmic sense (that is, 
constant with respect to cosmic time). Nevertheless it will prove to be useful. 

The bulk spacetime must be foliated by three-dimensional sections (of signature 1 + 2) 
transverse to the radial direction (that is, they correspond to r = constant), so it is an 
asymptotically AdS spacetime containing an (electrically and magnetically) charged black 
hole with a planar event horizon, sometimes called a “black brane”. In [3TJ we studied 
such spacetimes from the point of view of string theory; specifically, we asked whether 
it was consistent to assume that string-theoretic objects, such as branes, can always be 
neglected in the bulk, even under optimal conditions (the string coupling and the ratio of 
the string length scale to the AdS curvature scale L are small). We found that this is not 
the case, because under some circumstances the black hole itself begins to generate branes 
and radiate them towards infinity. Requiring that this instability should not arise imposes 
a bound on the conformally invariant ratio B/T 2 \ one speaks of a holographic bound on 
the cosmic magnetic field during the plasma era. It transpires that this bound is in fact 
satisfied, though not by a large margin, in the current models of cosmic magnetogenesis. 

However, in [3T] we followed the standard assumption that the cosmic baryonic chemi¬ 
cal potential is negligible throughout the plasma era, and so we have to revise those results 
in the light of a possible episode of Little Inflation at the end of the plasma era. One can 
see that there is an issue here, because a non-negligible chemical potential corresponds to 
a non-zero electric charge on the dual black hole. Since the electric and magnetic charges 
enter symmetrically into the black hole metric (as a result of the classical electromagnetic 
duality of Maxwell’s equations), the chemical potential has a similar effect to a large mag¬ 
netic field, and likewise threatens to trigger a “stringy” instability. This constrains Little 
Inflation by bounding the (conformally invariant) ratio of the baryonic chemical potential 
to the temperature. 

In this work we extend the methods of [21] to study this holographic constraint. It 
proves to be very stringent: the range p B /T ~ 1 — 100 discussed in [IT] is greatly 
narrowed to ~ 1 < p B /T < ~ 2.35. Since the value of p B /T at the quark matter 
critical point provides the lower bound around 1, this result means that, if the cosmic 
plasma does indeed undergo a first-order phase transition at the end of the plasma era, it 
must pass close to the critical point. Thus the “race” to locate that point, and to identify 
the physics associated with it na, assumes cosmological significance^ 

In short, if Little Inflation is to be compatible with holography, then it must occur 
in precisely that part of the quark matter phase diagram where remarkable phenomena 
associated with the quark matter critical point may soon be observed, but also where a 
holographic instability is not far off. 

We begin with a brief review of the relevant bulk geometry and of its holographic 
interpretation in this application. 

2 One should however be aware that the cosmic plasma differs in some ways from the plasma produced 
in heavy ion collisions: see below for a detailed discussion of this. On the other hand, certain properties 
of the QGP will be important in both cases. 
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2. Planar AdS Black Holes and FRW Holography 


The bulk geometry is described by a “Charged Planar AdS Black Hole” metric [32] [33]. 
a solution of the AdS Einstein-Maxwell system^ given by 


g(CPAdSBH) 



8v tM* + 4vr(Q* 2 + P* 2 ) 


d t 2 



dr 2 


87 tM* 


+ 


An(Q* 2 +P* 2 ) 


+ r 


d ^ 2 + dC 2 


( 1 ) 


Here ^ and f are dimensionless coordinates on the planar sections transverse to the radial 
coordinate r, L is the asymptotic AdS curvature radius, and M*, Q*, and P* are geometric 
parameters related respectively to the mass, electric charge, and magnetic charge per unit 
horizon area. (See [31] : 35J for the details.) Notice that the (conformal) metric at infinity 
for this spacetime is represented by the metric — dt 2 + L 2 [dfi 2 + d( 2 ] on S*' in our earlier 
discussion. We can think of the transverse sections r = constant as deformed copies of a 
sub-spacetime of a FRW spacetime, as explained above. 

In the usual way M*, Q*, and P* determine (for a fixed value of L) the value of r at 
the event horizon, r = r/p we have 


r 2 8v tM* 4t r(Q* 2 + P* 2 ) 

L 2 r h + r 2 

The potential for the electromagnetic field outside the black hole is 


A 




D* 


( 2 ) 

(3) 


where the constant term in the coefficient of dt ensures that the Euclidean version of this 
one-form is regular. The field strength is 


F 


O* P* 

-— dt A dr + — df> A d£- 

HL L 


(4) 


Now we turn to the dual field theory on the boundary. The quark chemical potential of 
this system is related holographically to the asymptotic value of the time component of the 
potential form, while the magnetic field B of the dual system is related to the asymptotic 
value of the field strength [36] ,37] [38]. We therefore have, using the customary baryonic 
chemical potential fj, B , and compensating for the fact that dfi and d£ are dimensionless, 


and 


Pb 


3 Q* 
r h L 


B = P*/L 3 . 


(5) 

( 6 ) 


3 Note that apart from the trivial case with Q* = P* = 0, none of these metrics is an Einstein metric. 
The effect with which we will be concerned below, in Section 3, has mostly been studied in the (Euclidean) 
Einstein case; see for example [34] and references therein. 
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The temperature of the boundary system is that of the Hawking radiation of the black 
hole, which is given by 

T = _ 47r(Q* 2 + P* 2 ) 

47 ir h y L 2 r\ 

where we have used equation 0. 

Combining equations (|5|) , 0, and (Jt|) , we obtain 

K - ^TLV h - y/4 LV k - ireB'V = 0. (8) 

If the temperature is positive, then an event horizon exists and so this quartic can be 
solved for r^, which can then be regarded as a function of the boundary parameters T, 
/i/ 3 , and B. In fact, given L and these three quantities, rh can be computed in this manner, 
and then the black hole parameters M*, Q*, and P* can be reconstructed from equations 
0, (§, and 

These last three quantities are of course constants, both in the bulk and in the obvious 
(flat) boundary geometry. In the cosmological application, all of them must be promoted 
to functions of cosmic time, since the dual quantities T, fj, B , and B are such functions; but 
from the bulk point of view, cosmic time is not a time coordinate but rather a parameter 
along a curve in the abstract three-dimensional space of planar AdS black hole metrics 
given in equation 0. We will see that the three “coordinates” (M*, Q*, P*) depend 
on this parameter through the FRW scale factor a(£); this makes it straightforward to 
focus on conformally invariant quantities, which can be regarded as being defined on the 
flat spacetime to which the FRW spacetime is conformally related, as explained in the 
preceding Section. In detail, this works as follows. 

First, for a plasma, T decreases according to l/a(t). In a simple Boltzmann model 
(like the one used in [39]), the antimatter/matter ratio is given by exp(— 2 /i b /T), so, in 
any regime in which this ratio does not change rapidly, /i B likewise decreases in accor¬ 
dance with l/a(t): fi B /T is a conformal invariant. (As the temperature drops, massive 
particles annihilate and their entropy is transferred to effectively massless particles, which 
implies that this naive model of the particle populations can only be approximate. This 
approximation is nevertheless adequate for our purposes; one might wish to apply it only 
to the plasma immediately prior to the phase change.) The trajectory in the quark matter 
phase diagram is therefore straight (see Figure 2 in [H] and Figure 1 above), and we have 

Rb = 4b T, (9) 

where <; B , the “specific baryonic chemical potential”, is a positive constant, the reciprocal 
of the slope of the straight lin0 Our principal objective in this work is in fact to constrain 
<P 3 , by regarding it as a conformal invariant, in the sense discussed earlier. 

4 Note that, because we are (for simplicity) not compactifying the planar sections here, there is no 
Hawking-Page transition for these black holes [40], so we need not be concerned that such a transition 
will interfere before the dual plasma hadronizes. The Hawking-Page transition can be restored, at any 
desired temperature, by compactifying the planar event horizon to a torus EH; in our case it would be 
natural to choose it to occur at the temperature at which the cosmic plasma crosses the phase line. 
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Similarly, in conventional cosmology^ the magnetic field decreases according to 1 /ait) 2 , 
so B/T 2 is a conformal invariant. Again, B/T 2 is the kind of ratio which we can hope to 
constrain by means of holography, and that was done (when ye = 0) in [HI] , 

Now regard equation ([8]) as the definition of r h, which now becomes a function of 
cosmic time in the FRW spacetime: that is, it is defined to be the (largest) solution of 
this equation, given the coefficient functions T, /ib, and B. As the solution of a quartic 
equation, it depends on these functions in a very complicated way. Remarkably enough, 
however, its evolution with cosmic time is extremely simple: by inspecting equation (J8]) , 
given the above evolution laws for T, p B , and R, one sees that r h decreases according 
to l/a(t). In the cosmological case one can then define Q* by equation (J5j) , and P* 
by equation (§; because of the evolution law for r^, one finds that both evolve in the 
same way (as should be the case, according to electromagnetic duality]^, namely with 
1 /a(t) 2 . Finally, equation ([2j defines M* for the FRW spacetime, and shows that it 
evolves according to 1 /a(t) 3 . 

The important consequence of all this is that equations (|2]), (|5j) , (J6]) , and (j8j) can 
all be interpreted either in the black hole bulk, or (by holography) in the flat space 
dual field theory, or (by multiplying both sides of the equation by a suitable power 
of the scale factor a{t )) in the three-dimensional expanding sub-spacetime, S t . This is 
certainly not a trivial statement: it is a consequence of the fact that the geometry is 
“assembled” from components which are fundamentally planar. For example, if we had 
used an asymptotically AdS black hole with a spherical event horizon, then equation ([2]) 
would have taken the form 


r 2 

'h 

L 2 


+ 1 


2 M Q 2 + P 2 

r h 4ir r\ 


( 10 ) 


where M, R, and Q are the usual (finite) mass and charge parameters; but clearly this 
equation cannot transform in a homogeneous way under conformal transformations. The 
formula for the Hawking temperature likewise acquires terms that rule out the above 
procedure: it is unique to the planar case. 

In the conventional picture of the evolution of the cosmic plasma, the specific baryonic 
chemical potential ye (equation (J9])) is extremely small; whereas in Little Inflation it is 
large, potentially as large as 100. Thus y# is the central object of attention here, and the 
sequel is devoted to explaining how holography constrains it. 


3. The Brane Action 

Our approach to FRW spacetimes focuses on two-dimensional planes embedded in the 
spatial sections, and on the associated three-dimensional spacetimes S f . Each transverse 
section r = constant in the bulk spacetime with metric given in equation ([Tj) is a deformed 

5 Alternative possible evolution laws for B have been proposed [J2, EE2 SI], but are controversial 
nasi S3; if they can arise, they can probably only do so before the plasma era we are studying here 
|48| . During the plasma era, such “superadiabatic amplification” can be reconciled with a holographic 
bound [3T] only with difficulty; see below. 

6 This would not be the case if B evolved non-adiabatically, because then rh would evolve in a much 
more complicated way. 
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copy of S f , and so it is natural to investigate the behaviour of these copies in the bulk 
geometry. 

In [31J we argued that these transverse sections can be studied by a simple function 
&(r) defined (for four-dimensional asymptotically AdS black hole spacetimes with planar 
sections) in the following manner. Let A r be the Lorentzian area of an (arbitrarily chosen) 
compact domair^Jin the three-dimensional section (including the time axis) located at r, 
and let V r denote the Lorentzian volume of the four-dimensional bulk region between the 
event horizon and that domain. Then we define 

6(r) = A r - |l/ r , (11) 

with the understanding that this quantity is defined only up to an overall positive multi¬ 
plicative constant, which we shall choose so that &(r) is dimensionless. 

For planar submanifolds of AdS 4 itself (regarded as the —> 0 limit of the black 
hole), @(r) vanishes identically; but that is not so for AdS black hole spacetimes, which 
are merely asymptotically AdS. In that case, G(r) vanishes at the event horizor^J and it 
is always positive nearby. Far from the event horizon, however, the situation is less clear, 
since it is characteristic of asymptotically AdS geometries that areas and volumes grow at 
much the same rate. In fact, <5(r) can even become negative far from the event horizon: 
eventually the volume can overcome the area. 

That does not happen for the planar AdS-Schwarzschild geometry (see my nor does 
it happen for the charged planar AdS black holes studied in the preceding Section, as 
long as the charges are fairly small. But, as we shall see, it can happen if the charges are 
large, yet still sub-extremaQ 

As we explained in |3T], allowing (5(r) to become negative, that is, smaller than its 
value at the event horizon, has serious consequences. For it was shown by Seiberg and 
Witten |49j (see also ra, that &(r) is, up to a positive multiplicative factor proportional 
to the tension of the brane, nothing but the action of a BPS 2-brane wrapping around 
r = constant. Branes nucleating near to the event horizon, where this action is positive, 
will tend to contract back into the event horizon, where the action vanishes. If however 
there is a region beyond some value of r in which this action is lower than it is in the 
vicinity of the event horizon, then a brane nucleating in that region will tend to escape to 
infinity instead of contracting back into the black hole, and the system becomes unstable. 
The dual phenomenon in the held theory is that a certain scalar held, even if suppressed 
initially (on the grounds that there is no such held in QCD), begins to grow and quickly 
dominates the gauge helds. Various aspects of such phenomena have been discussed 
recently in [31] and [ 51] . 

7 The reader may prefer to transfer this discussion to the Euclidean domain, in which t is compactified, 
and the “planar” coordinates ip and £ are naturally converted to coordinates on a torus. Then “area” 
and “volume” have their conventional connotations and are automatically finite. The final answer can 
then be straightforwardly continued back to the Lorentzian domain. 

8 The Lorentzian area of the event horizon, including the time direction, is zero, since it is a null surface; 
and of course V r also vanishes there, by its definition. One sees this more clearly in the Euclidean version, 
where the event horizon becomes the origin of a polar coordinate system. 

9 The black hole with metric (|T|) has extremal or sub-extremal charges if equation ([ 2 ]) has a positive 
real solution: the condition for that is (P* 2 + Q* 2 ) 3 < (27/4)7 tM* 4 L 2 . 
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We can evaluate @(r) for the metric in equation ([Tj) : it is 


y -2 I 


&CPAdSBH(r ) = J2\j J2 


87 tM* 


4tt(P* 2 + Q* 2 ) r 3 


L 3 L 3 ’ 


( 12 ) 


where the last two terms correspond to the volume term in equation ( [TTj ). This may be 
written more usefully as 


® CPAdSBH ( r ) = 


(- 87 tm* + j L 


1 + 


+ To ■ 


87rM*L 2 1 47r(P*2+Q*2) i 2 L 3 ' 

r S I r 4 


(13) 


This function is non-negative if and only if its value as r —> 00 is non-negative: that is, 
we need 

— AttM*L 2 + r\ > 0 (14) 

if the bulk is to be stable. Notice that this inequality is well-defined, in the sense that 
both terms on the left evolve according to a(f ) -3 when we transfer to the cosmological 
spacetime. (The reader can verify that analogous statements hold for all of our subsequent 
equations and inequalities.) 

We conclude that the requirement that the holographic picture should be internally 
consistent imposes a constraint on the black hole parameters in the bulk. Our next task is 
to determine what this means for the boundary theory and the conformally related FRW 
spacetime. 


4. The Bound on ps/T 

Using equation Q, we can write (0 as 

4t t(P* 2 + Q* 2 )L 2 < r A h . (15) 

Inserting this into equation (J7]) we obtain 

2itTL 2 > Tfi- (16) 


Combining (fl5| and (fl6| with equations (|5j) and (|6l), we obtain the fundamental inequal¬ 
ity™ 


R 2 , pB r h 

B + ~TT 


< 4ir 3 T“. 


(T) 


Thus we see that holography imposes a bound, given the temperature, on this combination 
of the magnetic held and the baryonic chemical potential. Bear in mind, however, that 
r h is to be regarded (via equation ([ 8 ]) ) as a function of B , T, and //#, obtained by solving 
a quartic equation; so, expressed in terms of the physical parameters, this relation is 
actually very complex. Furthermore, it involves L , which is not fixed in any obvious way 


10 In terms of the black hole parameters, the inequality |l7| is expressed as (P* 2 + Q* 2 ) 3 < 47 tM* a L 2 . 
Censorship (which we found earlier to demand (p* 2 + Q* 2 ) < (27/4)7 tM* 4 L 2 ) is therefore always en¬ 
sured here, though not by a very large margin. 
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here: it would be preferable if our final conclusions were independent of that quantity. So 
we need to examine 0 more carefully. 

Our specific objective in this work is to constrain the physical parameters of the 
cosmic plasma at the time when it hadronizes. As we know, there are two proposals for 
the manner in which this happens: fortunately, both of them correspond to particularly 
simple special cases of the inequality 0 - 

• In the conventional picture of the evolution of the cosmic plasma, the trajectory in 
the quark matter phase plane is very close to the T axis, so that the cosmic plasma passes 
through a smooth crossover on its route to hadronization: there is no first-order phase 
transition and no Little Inflation. In that picture, then, hb is negligible throughout the 
plasma era, and 0 reduces to 

B < 2i t 3 /2 T 2 . (18) 


This is the bound on cosmic magnetic fields explained in [31]; it implies a bound of ~ 
3.6 x 10 18 gauss at the hadronization temperature. In this picture, cosmic magnetogenesis 
may be associated with Inflation (see for example [52] [53]), and the magnetic field energy 
densities involved can be enormous, up to equipartition with the plasma density; so a 
bound on B is of interest. Furthermore, this bound is important because it very strongly 
constrains unconventional evolution laws for B, such as the one discussed in |47j : for, 
in that case, B/T 2 would no longer be constant but would grow by a very large factor 
(depending on the reheating temperature) during the plasma era, so it becomes difficult 
to satisfy a bound like (18) at all times. 

• In Little Inflation, fig is far from negligible, so that the cosmic plasma does pass 
through a first-order phase transition. But while this theory may possibly give a viable 
account of cosmic magnetogenesis (see the discussion around Figure 18 in [29]). the mag¬ 
netic fields involved are relatively small, about 1CF 4 times the values typical of inflationary 
magnetogenesis. (The magnetic field is generated along with the baryon asymmetry, so 
the magnetic energy density is in the vicinity of equipartition with the baryonic, rather 
than the plasma, energy density.) One can therefore assume that B is negligible for our 
^ and this greatly simplifies the situation because equation ® is now quadratic 


purpose: 
rather than quartic. 

Before we proceed to the solution, we should stress that ignoring B would usually be 
a very poor approximation in the case of the plasma produced in a heavy ion collision 
[21 ESI ESI \n\- Furthermore, we are ignoring the effects of cosmic vorticity : that is 
the customary assumption (though it might be desirable under some circumstances to 
reconsider it 0) ; but, again, the analogous assumption, that the angular momentum 
density is negligible, is certainly not normally justified in the heavy-ion case, where the 
holographic dual is a black hole endowed with angular momentum, as in [55] [25] [56, [57]. 
Again, as we have seen, the time evolution of all physical parameters in the cosmic case 
is controlled in a simple way by a single function, a(t); but it is not clear that any such 
simple description of the dynamics is possible for a heavy-ion plasma. Finally, the time 


11 However, in view of the uncertainties currently attending all theories of cosmic magnetogenesis, one 
should consider the possibility that magnetic fields are larger in Little Inflation than expected — for 
example, relics of inflationary magnetogenesis might be important. If that were the case, the effect would 
be to strengthen our conclusions, in the sense that a detailed analysis of fl7| ) shows that the upper bound 
on ys/T we are about to deduce would be lowered — though only to a small extent, even for very large 
fields. These facts are discussed in the Appendix to this paper. 
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scales in the two cases are very different: the heavy ion plasma exists for a time typical of 
strong-interaction physics (measured in femtometres/c), while the cosmic plasma endures 
for several microseconds. This is a crucial distinction for any discussion based, as ours 
is here, on the development of an instability. Thus, our results do not extrapolate to 
the heavy-ion case in any straightforward way. However, those features of the QGP 
(most importantly, its behaviour near to the critical point) which are independent of the 
dynamics will be common to both kinds of plasma. 

Now solving ([8]) we have 

rh = ~Y~ (^ nT + ^/tt 2 T 2 + (vr/3)/i|^ . (19) 


It is clear that when (19) is substituted into (IT), L drops out, and, in the absence of B, 
Hb and T are the only quantities remaining. Since they are proportional to each other, 
(17) can in this case be reduced to an expression involving q B (equation ([9])) only: we find 


7TQ? + SB\jn 2 + (7r/3)y| < 37T 3/2 . 
Some algebra simplifies this to 

4 + 187r 3/2 ? B - 27ir 2 < 0. 


( 20 ) 

( 21 ) 


The quartic here is strictly increasing for <; B > 0, so its sole positive root yields an upper 
bound on q B - This root is exactly (l — 2 1 / 3 + 2 2 / 3 ) y/ir, and so we have finally, restoring 
/Pb and T, 

Hs/T < (1 - 2 1/3 + 2 2/3 ) yfH « 2.353. (22) 

The key datum now is the location of the quark matter critical point. To see why 
this is so, refer to Figure 1: the phase transition line slopes downwards from the critical 
point, into regions of larger n B but smaller T. Therefore, if the trajectory of the cosmic 
plasma in the phase diagram intercepts the transition line away from the critical point, it 
does so at larger values of Hb/T than the value at the critical point: in short, the value 
at the critical point puts a lower bound on /i#/T at the point where the cosmic plasma 
hadronizes. Thus, Little Inflation itself, combined with holography, allows us to constrain 
jib/T from both sides. 

Now in fact the precise location of the critical point is a matter of intense interest ca, 
and there is reason to hope that it will be settled in the near future. Theoretical estimates, 
for example from lattice theory, have become considerably more precise in recent years 
[58]. (There is a growing consensus that the critical temperature is around 150 MeV; it is 
the critical value of the baryonic chemical potential that is most difficult to compute.) It 
is interesting to note that in the past (see for example p2E|), lattice-theoretical estimates 
of the critical value of /i B were in the 350-450 MeV range, threatening a conflict with 
our inequality (22); but, more recently [15], a value for Hb/T at the critical point around 
1—2 has come to be favoured. More recently still, however, a sigma-model approximation 
approach [6UJ has indicated that higher values may be possible, while an analysis of the 
most recent experimental data apparently suggests a value below unity [61j. 

To be definite, let us settle on the range given in [15] ; then we can summarize the 
situation by stating that the holographic version of Little Inflation requires that, for an 
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interval of timcj^] immediately before the cosmic plasma underwent a first-order phase 
transition to the hadronic state, pL B /T must have satisfied 

« 1 < pm/T < « 2.35. (23) 

This is indeed a remarkable refinement of the range given in p3], 1 — 100. 

If, for example, we put the critical point at pL B = 300 MeV, T = 150 MeV, and 
assume for definiteness that the transition line near to the critical point makes an angle 
of (very roughly) 45 degrees with the horizontal, then a simple calculation shows that 
Little Inflation can be compatible with holography only if the cosmic plasma hadronizes 
between T « 140 — 150 MeV, /j,b ~ 300 — 315 MeV. This is very interesting, for two 
reasons. First, it means that the cosmic plasma hadronizes at a point well within the 
range probably accessible to near-future facilities such as SHINE, NICA, FAIR, and the 
upgraded RHIC [8| i9, T0 1 ITT j . Second, it means that the trajectory of the cosmic plasma 
in the quark matter phase diagram must have passed very near to the critical point itself; 
this means that the plasma might possibly have experienced the characteristic fluctuation 
phenomena associated with critical points, such as the QCD version of critical opalescence 
[62] , That could have all manner of important consequences. 


5. Conclusion: Constraining Cosmic Hadronization 


Little Inflation presents a version of cosmic history which differs very distinctly from the 
conventional picture. Perhaps its most exciting feature is that it brings the cosmology of 
the plasma era into the domain of quark physics with large values of the baryonic chemical 
potential, where a number of remarkable phenomena may be observed experimentally in 
the near future, in facilities currently under construction. However, Little Inflation itself 
is compatible with values of p B /T well beyond those accessible to those facilities. It 
is therefore very interesting that, when holography is applied to this theory, one finds 
that /is/T is constrained to a very narrow range (the inequalities (23) above); this much 
narrower range will indeed probably be reached by the experiments we mentioned. 

If the Little Inflation picture is correct, then those experiments will be examining a 
system which (in some important aspects, though not all) closely resembles the early 
Universe during a brief but crucial period: the time when it was about to hadronize 
through a first-order phase transition. In short, we could soon be witnessing “experimental 
early-Universe cosmology” in a very non-trivial sense. (On the other hand, holography 
indicates that a still more remarkable possibility compatible with Little Inflation, that 
hadronization might take place near the quark matter triple point [3], is very unlikely.) 

If phenomena like chromodynamic critical opalescence are actually observed in these 
experiments, it will be important to consider whether such effects are compatible with 
established cosmological observations and theory, if the cosmic plasma passed very near 
to the quark matter critical point on its passage through the quark matter phase diagram. 
One may well find that these fluctuation phenomena, which can be quite dramatic, are 


12 Following m, and as discussed above, we are assuming here that p B /T is constant during this time. 
Note also that the holographic picture of the plasma only describes it when it is strongly coupled, which 
may only have been the case during the late plasma era; so we do not claim that our bound applies at 
all times. 
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ruled out by the observational data in the cosmic case. If so, the implication would be that 
the Little Inflation trajectory shown in Figure 1 stays well away from the critical point. 
As we have seen, holography implies that there is very little leeway for that, meaning that 
the plasma must have hadronized at the extreme upper end of the range given in (23) 
above. 

With a better understanding of the precise shape and slope of the phase line, one 
could use this to make a fairly precise prediction as to the location of the point in the 
phase diagram where the Universe hadronized; that is, one could predict the temperature 
and baryonic chemical potential at the beginning of the hadron era. Confirmation of such 
a prediction might be interpreted as strong evidence in favour of holography. 
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Appendix: The Effect of a Magnetic Field 

As we explained above, Little Inflation provides a theory of cosmic magnetogenesis, but 
the magnetic fields involved are not enormously large; so we approximated B by zero in 
the inequality (17). One should however consider the consequences if that should prove 
to be incorrect. 

Since, in the conventional picture adopted here, B and T 2 evolve in the same way 
during the plasma era, it is natural to set 


B = (3T 2 


(24) 


where (3 is a positive constant, the value of which will be considered below. It will be 
convenient also to express this parameter in a different way, 

a 2 = 4vr 3 - /3 2 ; (25) 


it is clear from (|17|) that a can be assumed real and positive. Using this parameter, we 

aT 2 L 2 


can now express (17) as 


rh < 


I^b 


(26) 


Now the quartic on the left in equation ([8]) is an increasing function at and beyond r^, 
its largest real root, so substituting the right side of (J26| into it we must obtain a non¬ 
negative expression. With some simple manipulations (in the course of which L once 
again drops out) one then finds 




4 , 3 

S B + a\ R 


3a 4 

An 


< 0 . 


(27) 


This is of course a quartic in q B of the same kind as the one in the inequality (21); it 
reduces to the latter when (3 = 0. Again, therefore, q B is bounded above by the positive 
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root. It is elementary to show that, if one thinks of this root as a function of a, it is an 
increasing function: that is, it is a decreasing function of /3. Hence our claim that the 


inclusion of a magnetic held would only serve to strengthen our bound, inequality (22). 
In practice, however, the extent of this strengthening is negligible, as we now show. 

The largest value of B/T 2 considered in theories of cosmic baryogenesis arises 


when one considers the possibility of equipartition between the magnetic held energy 
density and the energy density of the plasma. We stress that such large values do not 
normally arise in Little Inflation magnetogenesis, so the situation we are considering now 
is very much an over-estimate of the effect. In any case, the Stefan-Boltzmann law implies 
that, at equipartition, 


B 



— 7 rT 2 - 
15 


(28) 


this corresponds to about 3.7 x 10 1 ' gauss at the phase transition: but it only translates 
to fd ~ 1.15. Computing the corresponding value of a, inserting it into the left side of 


(27), and solving numerically, one obtains 


Hb/T < « 2.324. 


(29) 


Comparing this with (22), one sees that, even in the most extreme case, the inclusion of 


a magnetic held does not materially affect our conclusions. 


References 

[1] Akira Ohnishi, Phase diagram and heavy-ion collisions: Overview, 

Prog.Theor.Phys.Suppl. 193 (2012) 1, arXiv:1112.3210 [nucl-th] 

[2] B. Mohanty, Exploring the QCD phase diagram through high energy nuclear colli¬ 
sions: An overview, PoS CPOD2013 (2013) 001, arXiv:1308.3328 [nucl-ex] 

[3] Helmut Satz, Probing the States of Matter in QCD, Int.J.Mod.Phys. A28 (2013) 
1330043, arXiv: 1310.1209 [hep-ph] 

[4] Anton Andronic, An overview of the experimental study of quark-gluon mat¬ 
ter in high-energy nucleus-nucleus collisions, Int.J.Mod.Phys. A29 (2014) 1430047, 
arXiv: 1407.5003 [nucl-ex] 

[5] Ilya Selyuzhenkov, Recent experimental results from the relativistic heavy-ion colli¬ 
sions at LHC and RHIC, arXiv: 1109.1654 [nucl-ex] 

[6] Xin Dong (for the STAR Collaboration), Highlights from STAR, Nucl.Phys.A904 
(2013) 19c, arXiv: 1210.6677 [nucl-ex] 

[7] Sabita Das (for the STAR collaboration), Chemical freeze-out parameters in Beam 
Energy Scan Program of STAR at RHIC, arXiv:1412.0350 [nucl-ex] 

[8] M Unger (for the NA61/SHINE Collaboration), Results from NA61/SHINE, EPJ 
Web Conf. 52 (2013) 01009, arXiv: 1305.5281 [nucl-ex] 


15 











[9] V. D. Kekelidze, A. D. Kovalenko, I. N. Meshkov, A. S. Sorin, G. V. Trubnikov, NICA 
at JINR: New prospects for exploration of quark-gluon matter, Physics of Atomic 
Nuclei 75 (2012) 542 

[10] M. Blcicher, M. Nahrgang, J. Steinheimer, P. Bicudo, Physics Prospects at FAIR, 
Acta Phys.Polon. B43 (2012) 731, arXiv: 1112.5286 [hep-ph] 

[11] Yasuyuki Akiba et ah, The Hot QCD White Paper: Exploring the Phases of QCD 
at RHIC and the LHC, arXiv: 1502.02730 [nucl-ex] 

[12] Tillmann Boeckel, Jurgen Schaffner-Biclich, A little inflation in the early uni¬ 
verse at the QCD phase transition, Phys.Rev.Lett.105:041301,2010; Erratum- 
ibid. 106:069901,2011, arXiv:0906.4520 [astro-ph.CO] 

[13] Simon Schettler, Tillmann Boeckel, Jurgen Schaffner-Bielich, The Cosmological 
QCD Phase Transition Revisited, Prog.Part.Nucl.Phys.66:266,2011, arXiv:1012.3342 
[astro-ph.CO] 

[14] Tillmann Boeckel, Jurgen Schaffner-Biclich, A little inflation at the cosmological 
QCD phase transition, Phys. Rev.D 85:103506,2012, arXiv: 1105.0832 [astro-ph.CO] 

[15] Rajiv V. Gavai, QCD Critical Point: The Race is On, arXiv:1404.6615 [hep-ph] 

[16] Tigran Kalaydzhyan, Edward Shuryak, Gravity waves generated by sounds from Big 
Bang phase transitions, arXiv: 1412.5147 [hep-ph] 

[17] S. M. Sanches Jr., F. S. Navarra, D. A. Fogaca, The quark gluon plasma equation of 
state and the expansion of the early Universe, arXiv: 1410.3893 [hep-ph] 

[18] Veronika E. Hubeny, The AdS/CFT Correspondence, arXiv: 1501.00007 [gr-qc] 

[19] Jorge Casalderrey-Solana, Hong Liu, David Mateos, Krishna Rajagopal, Urs 
Achim Wiedemann, Gauge/String Duality, Hot QCD and Heavy Ion Collisions, 
arXiv: 1101.0618 [hep-th] 

[20] Mariano Chernicoff, J. Antonio Garcia, Alberto Guijosa, Juan F. Pedraza, Holo¬ 
graphic Lessons for Quark Dynamics, J.Phys.G G39 (2012) 054002, arXiv:1111.0872 
[hep-th] 

[21] Youngman Kim, Ik Jae Shin, Takuya Tsukioka, Holographic QCD: Past, Present, 
and Future, Prog.Part.Nucl.Phys. 68 (2013) 55, arXiv: 1205.4852 [hep-ph] 

[22] Oliver DeWolfe, Steven S. Gubser, Christopher Rosen, Derek Teaney, Heavy ions and 
string theory, Prog.Part.Nucl.Phys. 75 (2014) 86, arXiv: 1304.7794 [hep-th] 

[23] Romuald A. Janik, AdS/CFT and applications, PoS EPS-HEP2013 (2013) 141, 
arXiv: 1311.3966 [hep-ph] 

[24] V. Skokov, A.Yu. Illarionov, V. Toneev, Estimate of the magnetic held strength in 
heavy-ion collisions, Int.J.Mod.Phys. A24 (2009) 5925, arXiv:0907.1396 [nucl-th] 


16 











[25] Dmitri E. Kharzeev, Karl Landsteiner, Andreas Schmitt, Ho-Ung Yee, ’Strongly 
interacting matter in magnetic fields’: an overview, Lect.Notes Phys. 871 (2013) 
1-11, arXiv:1211.6245 [hep-ph] 

[26] Jens O. Andersen, William R. Naylor, Anders Tranberg, Phase diagram of QCD in 
a magnetic field: A review, arXiv:1411.7176 [hep-ph] 

[27] Dmitri E. Kharzeev, Topology, magnetic field, and strongly interacting matter, 
arXiv: 1501.01336 [hep-ph] 

[28] Alejandra Kandus, Kerstin E. Kunze, Christos G. Tsagas, Primordial magnetogene- 
sis, Phys. Rep. 505 (2011) 1, arXiv:1007.3891 [astro-ph.CO] 

[29] Ruth Durrer, Andrii Neronov, Cosmological Magnetic Fields: Their Generation, Evo¬ 
lution and Observation, Astron.Astrophys.Rev. 21 (2013) 62, arXiv:1303.7121 [astro- 
ph.CO] 

[30] Paul M. Chesler, Laurence G. Yaffe, Numerical solution of gravitational dynamics 
in asymptotically anti-de Sitter spacetimes, JHEP 1407 (2014) 086, arXiv: 1309.1439 
[hep-th] 

[31] Brett Mclnnes, A Holographic Bound on Cosmic Magnetic Fields, to appear in Nucl. 
Phys. B, arXiv: 1409.3663 [hep-th] 

[32] J.P.S. Lernos, Phys.Lett.B353:46,1995, arXiv:gr-qc/9404041; R.B. Mann, 

Class.Quant.Grav. 14 (1997) L109, arXiv:gr-qc/9607071; Rong-Gen Cai, Yuan- 
Zhong Zhang, Phys.Rev.D54:4891,1996, arXiv:gr-qc/9609065; Danny Birmingham, 
Class.Quant.Grav. 16 (1999) 1197, arXiv:hep-th/9808032 

[33] Marco M. Caldarelli, Oscar J.C. Dias, Dietmar Klemm, Dyonic AdS black holes from 
magnetohydrodynamics, JHEP 0903 (2009) 025, arXiv:0812.0801 [hep-th] 

[34] Frank Ferrari, Antonin Rovai, Holography, Probe Branes and Isoperimetric Inequal¬ 
ities, arXiv: 1411.1887 [hep-th] 

[35] Brett Mclnnes, Shearing Black Holes and Scans of the Quark Matter Phase Diagram, 
Class. Quantum Grav. 31 (2014) 025009, arXiv:1211.6835 [hep-th] 

[36] Igor R. Klebanov, Edward Witten, AdS / CFT correspondence and symmetry break¬ 
ing, Nucl.Phys. B556 (1999) 89, hep-th/9905104 

[37] Sean A. Hartnoll, Pavel Kovtun, Hall conductivity from dyonic black holes, Phys.Rev. 
D76 (2007) 066001, arXiv:0704.1160 [hep-th] 

[38] Shinpei Kobayashi, David Mateos, Shunji Matsuura , Robert C. Myers , Rowan M. 
Thomson, Phase transitions at finite baryon density, JHEP 0702 (2007) 016, hep- 
th/0611099 [hep-th] 

[39] B.B. Back et ah, The PHOBOS perspective on discoveries at RHIC, 
Nucl.Phys.A757:28-101,2005, arXiv:nucl-ex/0410022 


17 













[40] Sumati Surya, Kristin Schleich, Donald M. Witt, Phase Transitions for Flat adS 
Black Holes, Phys.Rev.Lett. 86 (2001) 5231, arXiv:hep-th/0101134 

[41] Brett Mclnnes, Bounding the Temperatures of Black Holes Dual to Strongly Coupled 
Field Theories on Flat Spacetime, JHEP09(2009)048, arXiv:0905.1180 [hep-th] 

[42] John D. Barrow, Christos G. Tsagas Cosmological magnetic held survival, 
Mon.Not.Roy.Astron.Soc. 414 (2011) 512, arXiv:1101.2390 [astro-ph.CO] 

[43] J.D. Barrow, C.G. Tsagas, K. Yamamoto, Origin of cosmic magnetic fields: Supera- 
diabatically amplified modes in open Friedmann universes, Phys.Rev. D86 (2012) 
023533, arXiv: 1205.6662 [gr-qc] 

[44] J. D. Barrow, C. G. Tsagas, K. Yamamoto, Do intergalactic magnetic fields imply 
an open universe? Phys.Rev.D86:107302,2012, arXiv:1210.1183 [gr-qc] 

[45] Julian Adarnek, Claudia de Rham, Ruth Durrer, Mode Spectrum of the Electro¬ 
magnetic Field in Open Universe Models, Mon.Not.R.Astron.Soc. 423 (2012) 2705, 
arXiv:1110.2019 [gr-qc] 

[46] Yuri Shtanov, Varun Sahni, Can a marginally open universe amplify magnetic fields?, 
JCAP 01 (2013) 008, arXiv: 1211.2168 [astro-ph.CO] 

[47] Christos G. Tsagas, On the magnetic evolution in Friedmann universes and the ques¬ 
tion of cosmic magnetogenesis, arXiv: 1412.4806 [astro-ph.CO] 

[48] Esteban Calzetta, Alejandra Kandus, Non-conformal evolution of magnetic fields 
during reheating, arXiv: 1501.03057 [gr-qc] 

[49] Nathan Seiberg, Edward Witten, The D1/D5 System And Singular CFT, JHEP 9904 
(1999) 017, arXiv:hep-th/9903224 

[50] Edward Witten, Shing-Tung Yau, Connectedness of the boundary in the AdS / CFT 
correspondence, Adv.Theor.Math.Phys.3:1635-1655,1999, arXiv:hep-th/9910245 

[51] Alexandre Belin, Alexander Maloney, A New Instability of the Topological black 
hole, arXiv: 1412.0280 [hep-th] 

[52] Gianmassimo Tasinato, A scenario for inhationary magnetogenesis without strong 
coupling problem, arXiv:1411.2803 [hep-th] 

[53] Kazuharu Bamba, Generation of large-scale magnetic helds, non-Gaussianity, and 
primordial gravitational waves in inhationary cosmology, arXiv: 1411.4335 [astro- 
ph.CO] 

[54] F. Dosopoulou, F. Del Sordo, C.G. Tsagas, A. Brandenburg, Vorticity produc¬ 
tion and survival in viscous and magnetized cosmologies, Phys.Rev.D85:063514,2012, 
arXiv:1112.6164 [astro-ph.CO] 

[55] D. Klemm, V. Moretti, L. Vanzo, Rotating Topological Black Holes, 
Phys.Rev.D57:6127,1998; Erratum-ibid.D60:109902,1999, arXiv:gr-qc/9710123 


18 








[56] Brett Mclnnes, Edward Teo, Generalised Planar Black Holes and the Holography of 
Hydrodynamic Shear, Nucl.Phys B 878C (2014) 186, arXiv:1309.2054 [hep-th] 

[57] Brett Mclnnes, Angular Momentum in QGP Holography, Nucl. Phys. B887 (2014) 
246, arXiv: 1403.3258 [hep-th] 

[58] Gert Aarts, Felipe Attanasio, Benjamin Jager, Erhard Seiler, Denes Sexty, Ion- 
Olimpiu Stamatescu, QCD at nonzero chemical potential: recent progress on the 
lattice, arXiv:1412.0847 [hep-lat] 

[59] Bedangadas Mohanty, QCD Phase Diagram: Phase Transition, Critical Point and 
Fluctuations, Nucl.Phys.A830:899c-907c,2009, arXiv:0907.4476 [nucl-ex] 

[60] Alejandro Ayala, Adnan Bashir, J. J. Cobos-Martinez, Saul Hernandez-Ortiz, Alfredo 
Raya, The effective QCD phase diagram and the critical end point, arXiv:1411.4953 
[hep-ph] 

[61] Roy A. Lacey, Observation of the critical end point in the phase diagram for hot and 
dense nuclear matter, arXiv:1411.7931 [nucl-ex] 

[62] Tanias Csorgo, Critical Opalescence: An Optical Signature for a QCD Critical Point, 
PoS CPOD2009 (2009) 035, arXiv:0911.5015 [nucl-th] 


19 







